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$1. INTRODUCTION 
LET A be a pathwise-connected space, with basepointy e, and let m : A x A -+ A be a map. 
We describe m as an H-structure, and (A, m) as an H-space, if 
m(x, e) = x = m(e, x) (x E A). 
We describe m as homotopy-commutative if m N mT, where 
T(x, Y) = (Y, x) (x, Y E A). 
The stable classical groups of Bott provide examples of spaces which can support a homotopy- 
commutative H-structure but not a commutative one. In [2] it is shown that the ordinary 
H-structure (the group operation) on a compact connected Lie group is only homotopy- 
commutative in the case of a torus-group.f The purpose of this note is to establish the 
stronger 
THEOREM (1.1). The space of a compact connected Lie group cannot support a homotopy- 
commutative H-structure unless it is a torus. 
There is no classification problem since any two H-structures on a torus are homotopic. 
It is plausible to conjecture that the result can be extended to finite CW-complexes, 
at least; the method we use can certainly be pressed further than we take it. 
An essential contribution to the proof of (1.1) is due to W. Browder, who in (8.8) of 
[6] proved by methods of homology theory that a Lie group with 2-torsion cannot support 
a homotopy-commutative H-structure. Our contribution is to prove11 
THEOREM (1.2). Neither the special unitary group W(q) (q 2 2) nor the symplectic 
group Sp(q) (q 2 1) can support a homotopy-commutative H-structure. 
Now a compact simply-connected simple Lie group5 without 2-torsion is either special 
t Maps and homotopies are to respect basepoints. 
$ By a torus-group we mean the product of n copies of the circle group, where n 2 0. 
)I A proof that certain of the special unitary and symplectic groups cannot support a homotopy- 
commutative H-structure is given in [9], but there are an infinite number of exceptions. 
$ The surveys by Bore1 [5] and Samelson [12] contain the results we quote about Lie groups and references 
to where the proofs can be found. 
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unitary or symplectic, and so such a group cannot support a homotopy-commutative 
H-structure. 
From this (1.1) can be deduced as follows. Let %’ denote the class of spaces which can 
support a homotopy-commutative H-structure. A product of spaces belongs to %‘if and only 
if each of the factors belongs to %. If a space belongs to %’ and the usual local conditions 
are satisfied then, by the Schreier construction, any covering space belongs to %?. Now any 
compact connected Lie group G is finitely covered by the product of a torus group and some 
compact simply-connected simple groups. If G belongs to %? these latter cannot occur, 
by (1.2) and Browder’s theorem, and so it follows that G is a torus group, as asserted. 
$2. THE HOMOLOGY CONJXTION 
We deduce (1.2) from a more general result, (2.1) below. Let [A, B] denote the set of 
homotopy classes of maps A --) B. By the type of a map m : A x A -+ B we mean the pair 
(1, P)>, where A, P E [A, B] are the classes of the maps given by 
x ++ m(x, e), x ++ m(e, x) (XEA) 
respectively. If m has type (A, p) then mT has type (,u, A), and so 2 = p when m satisfies 
the condition : 
m-mT:AxA+B 
for homotopy-commutativity. Thus, given I E [A, B], we seek conditions for the existence 
of a homotopy-commutative map of type (A, 2). We abbreviate “of type (1, A)” to “ of 
type 1”. 
Given maps u : A’ + A, v : B --) B’ we note that 
vm(u x u): A’ x A’ + B’ 
is homotopy-commutative if m is. Consequently there exist homotopy-commutative maps 
of type q 0 J. 0 k, where 5 E [A’, A], q E [B, B’], if there exist homotopy-commutative maps of 
type A. In particular there exist homotopy-commutative maps of arbitrary type i E [A, BJ 
if either A or B can support a homotopy-commutative H-structure. For example, if A is 
the n-torus T” and B is the n-sphere S” then there exist homotopy-commutative maps of 
arbitrary type A E [T”, S”]. We shall prove 
THEOREM (2.1). Let A be afinite complex, with torsion-free homology, and such that the 
even-dimensional homology groups are trivial. Suppose that there exists a homotopy-commu- 
tative map A x A -+ S” of type I E [A, S”], where n is odd and n > 1. Then the induced homo- 
morphism 
I,: H,(A; Z) -+ H,(S”; Z) 
can be halved. 
Examples where I, cannot be divided by 4 are given in [ 1 l] during a study of the case 
A = s”. Of course n = 1 is excluded from (2.1) since S1 is an abelian group. Note that the 
torus satisfies all the hypotheses, except that there is even-dimensional homology, yet for 
A = T” we can choose 1 so as to make I, an isomorphism. 
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To deduce (1.2) from (2.1) in the case of SU(q) (q 2 2) we take A to be the suspension 
of complex projective (q - I)-space. We embed A in SU(q) as described in $1 of [lo] so that 
the projection 
p : W(q) --f P- 1 
has degree 1 on A. By (2.1) there exists no homotopy-commutative map 
m:A x A-tS2q-1 
of type ,I, where A is the class ofp 1 A, and so W(q) cannot support a homotopy-commutative 
H-structure. The same argument applies to Sp(q), taking A to be the quaternionic quasi- 
projective space defined in $1 of [lo]. Thus the theorems of $1 follow from (2.1). 
$3. HOPF CONSTRUCTION 
Let A * A denote the joint of A with itself, formed from A x A x 2 by making the 
usual identifications, where I= [0, 11. Let SB denote the suspension of B, formed from 
B x I. The Hopf construction, we recall, associates with each map m : A x A -+ B the map 
m’ : A * A -+ SB induced by 
rnxl:AxAxI+BxI. 
Let r : I + I be given by r(t) = 1 - t The relation between m’ and (mT)’ is displayed in the 









Let E be the space formed from SB by attaching a cone on A * A, using m’ as the at- 
taching map, so that we have a co-fibration 
SB:E:S(A *A). 
Suppose that m is homotopy-commutative. Then m’k N Im’ and so there exists a map 
f:E-+Esuchthat 
fi cx il, jf = (Sk)j. 
When 4 is a finite CW-complex we can identify S(A * A) with SA $3 SA under the homo- 
morphism defined in (2.5) of [8], which transforms Sk into the switching map Tfor the smash 
product. Thus we arrive at a cofibration 
SB f E i SA % SA 
and a map f: E--f E such that 
p As in [8] we use the unreduced form these constructions. 
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fi 1? il, jf N Tj. 
$4. SQUARES IN K(E) 
Let K(X) denote the Grothendieck ring formed from complex vector bundles over X 
and let K(X) denote the kernel of the dimension homomorphism K(X) --f Z. Let A, as in 
(2. l), have homology groups freely generated by elements of odd dimension. Then R(A) = 0 
and I?(SA) is free abelian, by (2.5) of [4]. Hence by the Kiinneth theorem of [3] the tensor 
product constitutes an isomorphism 
&SA) 0 R(SA) x I?(SA % SA). 
We identify under this isomorphism, so that the homomorphism induced by the switching 
map is given by 
(4.1) T*(a 0 p) = fi 0 a. 
Consider the Adams operation tik, where k E Z. We recall that II/” + (- l)kk& is 
decomposable, where I, denotes the exterior power operation, and so J/” is divisible by k 
on I?(M). Since Gk(u @ fi) = $“a 0 $kfi we obtain 
LEMMA (4.2). The operation oft/~” on 
R(S‘4) @ I?(SA) 
is divisible by k2. 
Now consider the cofibration constructed in $3, with B = S2’-l (t 2 2). Since R(B) 
and I?(A * A) are both trivial the exact sequence of the cofibration reduces to 
.i* 
0 --f R(M) 0 R(SA) + E(E) : &P) -+ 0. 
Recall from (5.2) of [I] that $” = k’ on R(S”). Hence $“5 - k’[, where 5 E I?(E), lies in 
the kernel of i*. Hence by exactness 
(4.3) ll/kg - k’g = j* c arsx, 0 x,, 
where? a,, E Z and (x,, . . . , xJ form a basis for I?(SA). We prove 
LEMMA (4.4). Suppose that the map m used in the construction of E is homotopy- 
commutative. Then 
ars + asr = 0 mod k2, 
in the expression (4.3) above. 
Letf: E + E be a map satisfying (3.1). We have I* = - 1 on &S2’>, since I has degree 
- 1, and so f *t + ( lies in the kernel of I ‘*. By exactness, therefore, f*( + 5 lies in the image 
ofj*, and so $“l z -$“f *{, mod k2, by (4.2). NOW 
*k5 = j* C arsx, 0 x, 
by (4.3) and so 
f *tik< z j*T* c a& 0 x,, 
1 Perhaps it should be emphasized that these coefficients depend on k. 
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by (3.1). Hence (4.4) follows from (4.1) and the naturality of II/“. 
In particular, arr is even when k = 2. Since 1, = -2’-l on R(S”) it follows that the 
element q =A& -I- 2’-‘5 lies in the image ofj *. Now 11/‘{ = 5’ - 2a25, by definition, and so 
~2-2~=*2~-2f~=j*~ars~,~x,., 
by (4.3) with k = 2. Since a,, is even, we obtain 
LEMMA (4.5). Under the same hypothesis as (4.4) we have 
5’ = j* c Lx, 0 x, 
where the diagonal coeficients b,., are even. 
55. CONCLUSION OF THE ARGUMENT 
We are now ready to complete the proof of (2.1). Let a(X) denote the reduced rational 
cohomology of X and let 
ch : R(X) --* B(X) 
denote the Chern character (cf. [4]). The spaces involved here are all torsion-free and so we 
regard the integral cohomology H(X; 2) as contained in the rational. 
Let A be as in (2.1) and consider the commutative diagram shown below. 





0 -+ A(SA) 0 A(M) -+ &E) --) A(S2’) --t 0. 
_i* i* 
If y generates R(S”) then ch y generates H2’(S2’; Z) and we can choose an element 
q E N”(E; Z) such that i*q = ch y. The cohomology of E has been studied in [13] for 
example, and it follows almost immediately from (1.4a) of [13] that 
_+q2 = j*(z @ z), 
where z denotes the image of ch y under 
(s/q* : lP’(P; 2) -+ P(SA; Z). 
Since q is an integral class we can choose 5 E I?(E) so that ch e - ‘1 lies in the kernel of i*, 
which is the image ofj*. Products of elements of Z?(E) with elements of the image of j* 
are trivial, by (6.1) of [7], and so ch l2 = 1’. B y (5.1), therefore, ch 5’ has component zero 
in dimensions less than 4t, component I_j*(z 0 z) in dimension 4t, and perhaps components 
in higher dimensions also. 
Let(y,, . . ..Y., . . . . y,) form a basis for H(SA ; Z), where each element y, is homo- 
geneous. It follows from (2.5) of [4] that we can choose a basis (x,, . . . , xq, . . . , x,,) for 
I?(SA) such that each difference ch x4 - yq is a rational combination of elements of dimen- 
sion greater than that of us. Take this to be the basis used in $4 and consider the relation 
5’ = j* c b,,x, 0 -q 
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given by (4.5). Write z = Xe,y,, where eq E 2 and e4 = 0 unless yn E H2’(Szf; 2). Since 
ch c2 = q* we have 
+Cb,,chx,Ochx,=Ce,e,y,Oy,, 
by (5.1). By induction on the filtration, therefore, b, = 0 if x, 0 x, has filtration less than 
4t, while b,, = e,es if x, @ x, has filtration exactly 4t. Thus eq2 = b,, , when e4 # 0, and so 
e4 is even, by (4.5). 
Thus z can be halved in H*‘(SA; Z), and since z generates (,SR)*H2’(S2’; 2) it follows 
that (SA)*, and hence A*, can be halved. Since the homology of A is free the conclusion of 
(2.1) follows at once. 
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